Abstract. In 1995 J.W. Heath asked which exactly n-to-one maps are compositions of exactly k-to-one maps with 1 < k < n. This paper deals with compositions of covering maps. Exactly n-to-one covering maps on locally arcwise connected continua that are not factorable into covering maps of order ≤ n − 1 are constructed for all n's, and characterized in algebraic terms (fundamental groups). They are not proper compositions of exactly k-to-one maps, open maps, or locally one-to-one maps.
A map f is locally one-to-one if each point in its domain has a neighborhood U such that the restriction f |U is one-to-one. Such maps were called elementary in [2, 3] .
Borsuk and Molski [2] also asked another question: Does there exist a map of order ≤ n which is not a finite composition of simple maps? K. Sieklucki [10] proved that every map of order ≤ n defined on a finite-dimensional compact metric space is such a composition, and constructed an infinite-dimensional counter-example. For recent results on this problem see Krzempek [7] .
2 A function is called exactly n-to-one if each of its point-inverses consists of n points. 3 More precisely: Every clopen map of order ≤ n defined on a zero-dimensional metric space is a composition of n − 1 simple clopen maps whose domains are metrizable (cf. Krzempek [7] , c 2001 American Mathematical Society into exactly two-to-one functions with finitely many discontinuities because there exist no finitely discontinuous exactly two-to-one functions from [0, 1] (Heath [5] ).
In this paper we show that for each n there exists a connected finite graph K with an exactly n-to-one covering map f : K → L that is not a composition of locally one-to-one maps of lesser order, open maps of lesser order, or exactly k-to-one maps of lesser order. Further, given a covering map, we represent its factorizations into covering maps by subgroup chains in the fundamental group of its image. As a result we characterize those infactorable covering maps in algebraic terms. We also find such maps among factors of the orbit maps induced by fixed-point-free actions of alternating groups A(n).
A composition r • p, where p is a map from a space X, is called proper if neither p nor r|p(X) is one-to-one. A covering map from a continuum is called prime if it is not one-to-one and is not a proper composition of covering maps. When we speak about a composition of exactly k-to-one maps p and r, we do not mean that the k's for p and r are necessarily equal.
All spaces are meant to be Hausdorff and compact.
Prime covering maps as examples to Problems A-C
We shall frequently use the fact that every covering map onto a continuum is exactly k-to-one for some k. We start with an auxiliary example. Example 1. Let C 1 be the unit complex circle |z| = 1, and C 2 the circle |z| = 2. Define g n : C 1 ∪ C 2 → C 1 so that g n |C 1 is the map z → z n−1 and g n |C 2 is z → z/2. So, g n is an exactly n-to-one covering map. It is not a proper composition of exactly k-to-one covering maps. Indeed, suppose g n = r • p, where p is an exactly k-to-one covering map. Then p|C 1 is a covering map, and hence is exactly k -to-one for some k . If r|p(C 1 ∪ C 2 ) is not one-to-one, then k = k and it follows that k = 1.
In order to obtain examples of exactly n-to-one prime covering maps with composite n's, we shall embed the domain of the maps g n defined above in a continuum. Example 2. Consider three simple closed curves C 1 , C 2 , and C 3 joint as in Figure 1 : C 1 is built of arcs b 1 , . . . , b n−1 , C 2 equals b n , and C 3 is built of a 1 , . . . , a n . Let f n be a map that takes a 1 , . . . , a n one along the other so that the arrows agree, and carries them onto a, and then takes b 1 , . . . , b n in the same manner, and carries them onto b. It is seen in the picture that f n is a covering map. It is not a proper composition of covering maps, for its restriction to C 1 ∪C 2 is g n from Example 1.
The reduction of Problems A-C to the study of compositions of covering maps is done by means of two simple lemmata. The first is known (J. Mioduszewski [8] 
Proof. The implications (a)⇒(b), (a)⇒(c), and [(b)∧(c)]⇒(a) are obvious. Independent of the statements (a)-(d), p is locally one-to-one and r is open. Therefore, Lemma 1 yields the implication (d)⇒(c). It remains to show that p is open iff r is locally one-to-one. Write
, and an open set U x such that f |U is one-to-one. Then p(U ) is an open neighborhood of y, and r|p(U ) is one-to-one.
Suppose r is locally one-to-one. For each x ∈ X take an open set V p(x) such that r|V is one-to-one. If U x is open, and
Thus, X has a base that consists of sets U whose images p(U ) are open.
We assume that spaces are Hausdorff and compact. In consequence a map is a covering map iff it is a local homeomorphism. This is a corollary to Lemma 2:
Theorem 1. Suppose that f is a covering map from a Hausdorff continuum. Then the following statements are equivalent: (a) f is a proper composition of covering maps. (b) f is a proper composition of locally one-to-one maps. (c) f is a proper composition of open maps. (d) f is a proper composition of exactly k-to-one maps.
It follows that the exactly n-to-one prime covering maps f n defined in Example 2 are not proper compositions of locally one-to-one maps, open maps, or exactly k-toone maps. Neither are the maps z → z p of the unit complex circle where p are prime (cf. Baildon [1] , Dydak [3] ). Finally, by the implication (d)⇒(a) of Lemma 2 the maps g n from Example 1 are not proper compositions of exactly k-to-one maps.
Group-theoretic approach to compositions of covering maps
Here is some terminology associated with group actions where X is a space and G is a finite group. When some homeomorphisms of X form a group isomorphic to G, we say that G acts on the space X. We identify each element of G with a respective homeomorphism. When all these homeomorphisms except the identity are fixed-point-free, the group action is also called fixed-point-free. We write X/G for the orbit space with the quotient topology, and q G : X → X/G for the orbit map that assigns to each point x ∈ X its G-orbit {g(x) : g ∈ G}. We say that this map is induced by the group action. We write (X, x 0 ) for a space X with a point x 0 ∈ X, π(X, x 0 ) for the fundamental group of (X, x 0 ), f : (X, 
of f into surjective covering maps p 1 , . . . , p n , and all subgroup chains
Then the formulae H
k−1 = (p n • . . . • p k ) # π(X k−1 , x k−1 ), where k = 1, .
. . , n, define a bijective correspondence between these factorizations and subgroup chains. The order of each map p k equals the index of the group H
Proof. For n = 1 the chain f # π(X, x 0 ) ≤ π(Y, y 0 ) corresponds to f. The equality and equivalence directly follow from Theorems 2.3.9, 2.3.12 and Corollary 2.6.3 in [11] .
Let n = 2. From Lemma 2.5.11 and Theorem 2.5.13 in [11] we infer that the formula x 1 ) as the unique lifting, i.e. a map such that f = p 2 • p 1 (see Theorems 2.4.5 and 2.2.2 in [11] ). This p 1 is a covering map by Lemma 2.5.1 in [11] . The needed equalities and equivalences result from the case n = 1 and the fact that the monomorphism p 2# carries the groups p 1# π(X, x 0 ) and π(X 1 , x 1 ) onto f # π(X, x 0 ) and H 1 respectively.
The easy induction step is left to the reader. 
of the orbit map q G into surjective covering maps p 1 , . . . , p n , and all subgroup chains
Then between these factorizations and chains there is a bijective corresponedence such that for each k = 1, 2, . . . , n the index of the group H k−1 in H k equals the order of p k , and
0 ) denote the canonical homomorphism that carries each homotopy class [ω] ∈ π(Y, y 0 ) into the coset of q G# π(X, x 0 ) containing this class. By Corollary 2.6.3 in [11] there is an
. The use of Theorem 2 completes the proof.
The foregoing theorem shows that all factorizations of "sufficiently good" orbit maps were described in our Proposition. This enables another construction of prime covering maps with composite orders. Example 3. Consider A(4), the group of even permutations of a four point set. It is well-known that every finite group acts without fixed points on a connected finite graph. Take such an A(4)-action on a graph K. Consider all paths in Figure 2 from the trivial subgroup to the whole of A (4) , and all factorizations of the orbit map q A(4) into prime covering maps. Theorem 3 establishes an "accurate" correspondence between these paths and factorizations. The line that joins a three element subgroup, say H, with the whole of A(4) corresponds to a four-fold covering map K/H → K/A(4). It is prime as A(4) contains no six element subgroup.
There is a classical theorem on permutation groups that for each n > 4 the alternating group A(n) does not contain subgroups of indices 2, 3, . . . , n − 1. It results from statements 1.6.9 and 3.2.1 6 in [9] , and enables us to construct exactly n-to-one prime covering maps for n > 4 as we did in Example 3 for n = 4. We need to see that if A(n) denotes the group of even permutations of the set {1, . . . , n}, then the subgroup H of all σ ∈ A(n) such that σ(1) = 1 has index n and is maximal in A(n). 5 A proper subgroup is called maximal if it is not contained in any larger proper subgroup. 6 One more fact is needed: The core G A(n) of any subgroup G in A(n) is a normal subgroupthis is apparent in the definition of core; see [9] , p. 16. 
Remarks
We infer from Theorem 3 that the orbit map of a fixed-point-free group action on a "nice" space contains full information on the subgroup lattice of the underlying group. For example, it is easily checked that this group is soluble (see [9] for a definition and basic properties) iff its orbit map is a composition of prime covering maps induced by fixed-point-free group actions (then these groups are Z p with prime p's).
In Example 3 we found an exactly four-to-one prime covering map among factors of an orbit map q A (4) . On the other hand, it is seen in Figure 2 that factorizations of this q A(4) into prime covering maps have different lengths: 2 or 3. Indeed, a group-theoretic result (see 10.3.5 in [9] ) and our Theorem 3 imply that: A map f is called n-crisp if for each proper subcontinuum C in the image there are exactly n components of f −1 (C), and f maps each of these components homeomorphically onto C. Griffus [4] showed that every n-crisp map from a continuum is a covering map. His problem remains unsolved: Do there exist prime n-crisp maps from continua for composite n's?
